In this paper, we introduce the multigraded modules of Borel type and extend several results from the theory of ideals of Borel type. We prove that modules of Borel type are sequentially Cohen Macaulay and pretty clean. Also, we give a formula for the regularity of modules of Borel type.
Introduction
Let K be an infinite field, and let S = K[x 1 , . . . , x n ], n ≥ 2 the polynomial ring over K. Bayer and Stillman [1] note that Borel fixed ideals I ⊂ S satisfy the following property: ( * ) (I : x ∞ j ) = (I : (x 1 , . . . , x j ) ∞ ) f or all j = 1, . . . , n.
Herzog, Popescu and Vladoiu [4] define a monomial ideal I to be of Borel type if it satisfies ( * ). We mention that this concept appears also in [2, Definition 1.3] as the so called weakly stable ideal. Let I ⊂ S be a monomial ideal and M a multigraded S-module. We denote Γ I (M) = k≥1 (0 : M I k ). In this paper, we extend the concept of Borel type ideals in the frame of multigraded S-modules. In order to do that, we note that if I, J ⊂ S are monomial ideals, then Γ J (S/I) = (I : J ∞ )/I. Therefore, the condition ( * ) can be rewritten as Γ (x j ) (S/I) = Γ (x 1 ,...,x j ) (S/I), for all j = 1, . . . , n.
For any S-module M, we denote t(M) = {z ∈ M : (∃)u ∈ S with u · z = 0} the torsion submodule of M. We say that a finitely generated Z n -graded S-module M with t(M) = M is of Borel type if Γ (x j ) (M) = Γ (x 1 ,...,x j ) (M) for all j ∈ [n], see Definition 1.1. We prove that Borel type modules are sequential Cohen-Macaulay, see Theorem 1.11. Also, we prove that Borel type modules are pretty clean, see Theorem 1.14.
In the second part of the paper, we study the regularity of Borel type modules. We give a formula for the regularity of modules of Borel type, similar with the formula given by Popescu and Herzog in [6] 
Proposition 1.2. Let M be a finitely generated Z n -graded S-module with t(M) = M. The following are equivalent:
(
It follows that there exist a nonnegative integer k, such that x
and thus we complete the proof.
(2) ⇒ (3). Let P ∈ Ass(M) be a prime ideal. Since M is finitely generated Z n -graded S-module , it follows that P is a monomial prime ideal, i.e. P is generated by a set of variables. Since P = (0), there exists a x i ∈ P for some i ∈ [n]. We claim that x j ∈ P for all j ≤ i. Assume P = (0 : S z), for some z ∈ M. It follows that
, it follows that x k j z = 0 for some k ≫ 0 and therefore x k j ∈ P . Thus x j ∈ P , as required.
(3) ⇒ (1). Let 0 = z ∈ Γ (x i ) (M). It follows that x k i z = 0 for some k ≫ 0. Let I = (0 : S z) and P ⊃ I, P ∈ Ass(M). Since x i ∈ P , it follows that (x 1 , . . . , (1) and (2). Lemma 1.5. Let M be a finitely generated Z n -graded S-module of Borel type. Then, for any integers j, p with 1 ≤ j ≤ n and 0 ≤ p ≤ n − j, we have
Proof. We use induction on p. If p = 0, there is nothing to prove. Assume p > 0, j < n and Γ (x j ) (M) = Γ (x j ···x j+p−1 ) (M). Let z ∈ Γ (x j ···x j+p ) (M) be a homogeneous element. If follows that there exists a positive integer k such that (
(2) Let z ∈ M be a homogeneous element. It follows that there exists a monomial u ∈ S such that uz = 0. Therefore, by (1), we get z ∈ Γ (u) (M) = Γ (x w(u) ) (M), where w(u) = min{i : x i |u }. Since M is of Borel type, it follows that z ∈ Γ (x 1 ) (M). This complete the proof.
Let M be a finitely generated Z n -graded S-module of Borel type. We consider the sequence
Note that, in this sequence, we may have some equalities. We denote M 0 := 0. Suppose M ℓ−1 is defined for some integer ℓ > 0. Let
We obtained a sequence of multigraded modules,
which remove the equalities from (1), and we called the sequential chain of modules of M. Note that, if M = S/I, the sequential chain of M is given by M ℓ = I ℓ , where 0 = I 0 ⊂ I 1 ⊂ · · · ⊂ I r = S is the sequential chain of I, as been defined in [4] . 
We recall the following results of Schenzel, see [8] .
Proposition 1.8. (Schenzel) (1) M is sequentially Cohen Macaulay, if and only if the dimension filtration of M is a CM-filtration.
(2) Let (0) = m j=1 Q j be a primary decomposition of (0), where Q j is P j -primary. Then:
Proposition 1.9. Let M be a finitely generated Z n -graded S-module of Borel type. We consider the sequential chain of M.
Proof. Assume Ass(M) = {P 1 , . . . , P r }, where P 1 ⊂ P 2 ⊂ · · · ⊂ P r . Since M is of Borel type, it follows that P j = (x 1 , . . . , x i j ), where 1 ≤ i 1 < i 2 < · · · < i r = n. We use induction on r ≥ 1. If r = 1, then M is P 1 = (x 1 , . . . , x i 1 )-coprimary and therefore,
, by previous Proposition, we are done.
Assume r > 1. We consider
, and thus (x 1 , . . . , x i 1 , x i 1 +1 ) ⊂ P . It follows that Ass(M 1 ) ⊂ {P 2 , . . . , P r }. Using the induction hypothesis, it follows that (1) M is of Borel type. (2) x n ℓ +1 , . . . , x n is a regular sequence on
follows that x n ℓ +1 , . . . , x n is a system of parameters and, thus a regular sequence on Q ℓ .
(2) ⇔ (3) is a well known result of local cohomology. Proof. We consider the sequential chain of M. Then, according to the previous Proposition, the sequential chain of M is the CM-filtration of M and dim(M ℓ−1 /M ℓ ) = n − n ℓ . Let M be a finitely generated graded S-module. A prime filtration of M is a filtration
such that M i /M i−1 ∼ = S/P i for some P i ⊂ S prime. We denote supp(F ) = {P 1 , . . . , P r }. It is well known, see [7, Theoreom 6.5 
We recall the following definition, which generalize cleanness, introduced by Herzog and Popescu in [5] . Definition 1.12. We say that M is pretty clean, if there exists a prime filtration,
We denote supp(F ) = {P 1 , . . . , P r }. It is well known, see [5, Corollary 3.6] , that
Proof. Assume M is clean and take 0
This filtration is also a prime filtration of M/x n M as a S-module. In this regard, we have
Theorem 1.14. Let M be a finitely generated Z n -graded S-module of Borel type. Then M is pretty clean.
Proof. Let Ass(M) = {P 1 , . . . , P r } and suppose
According to [5, Corollary 4.3(c) ] it is enough to prove that
is clean, since it is of finite length. We claim that U i /U i ∩ Q i is also clean. Indeed, x r+1 , . . . , x n is a regular sequence on Q k for all k ≥ i and therefore, x r+1 , . . . , x n is a regular sequence of U i . Now, since 
. We have the following obvious equations:
Let ω S denote the canonical module of S. Sequentially CM-modules over S can be characterized homologically as follows. S (Q i , S(−n))) + n − n i , whereQ i = Q i /(x n i +1 , . . . , x n )Q i . On the other hand, using local duality, we have a i (M) = sup{j : Ext n−i S (M, S) −n−j = 0}. Therefore, a n−n i (M) = a n−n i (M i /M i−1 ) = s(Q j ) − n + n i and thus reg(M) = max{a n−n i (M) + n − n i : i ∈ [r]} = max{s(Q 1 ), . . . , s(Q r )}, as required.
